








The one-loop renormalization of the MSSM Higgs sector









The structure of the Higgs sector in the minimal supersymmetric standard
model is reviewed at the one-loop level. An on-shell renormalization scheme of the
MSSM Higgs sector is presented in detail together with the complete list of formulae
for the neutral Higgs masses at the one-loop level. The results of a complete one-
loop calculation for the mass spectrum of the neutral MSSM Higgs bosons and the
quality of simpler Born-like approximations are discussed for sfermion and gaugino
masses in the range of the electroweak scale.





The Higgs boson of the standard model is the last unobserved particle since the recent
results from FERMILAB indicate that the top quark mass is rather heavy [1]. In spite of
the success of the standard model, there are also good reasons to consider "new physics"
beyond the standard model. One of these theoretical motivations is the appearance of
quadratically divergent contributions to the mass of the scalar Higgs particle, so that the
Higgs couplings become strong at the TeV scale.
This problem of naturalness is solved in supersymmetric theories. The minimal su-
persymmetric standard model (MSSM) is the supersymmetric extension of the standard
model, with a 2-Higgs doublet sector, where the coecients of the Higgs potential are
restricted by supersymmetry [2].
For the experimental search it is crucial to have precise predictions for the properties of
the Higgs bosons under inclusion of radiative corrections, i.e. the characteristic production




and pp colliders. These signatures
may allow to distinguish between a Higgs sector of dierent origins.
As a result of the supersymmetric Higgs potential, a light Higgs boson exists with a
tree level upper mass bound given by the Z
0
mass. Radiative corrections to the Higgs
mass spectrum, however, predict an upper limit of the light Higgs mass O(130 GeV)
[3, 4]. Calculations were performed at the one-loop level using renormalization group
technique [5], eective potential approximation [6] and one-loop calculations with top
and stop contributions [7, 8]. Two-loop eects to the upper limit of the lightest Higgs
boson mass are discussed in [9].
This article contains a complete on-shell renormalization scheme for the MSSM Higgs
sector and points out the dierent treatments of the renormalization conditions of the




in the on-shell scheme [10]. The complete MSSM ex-
pressions for the 2-point functions of the MSSM Higgs sector are calculated and formulae
are listed in the appendix.
In chapter 4 the calculation of the full one-loop contribution to the physical neutral
scalar Higgs masses is discussed. The numerical analysis of the one-loop contribution
includes the full parameter space of the MSSM, where the mass range of light sfermions
(> 100 GeV) and gauginos (> 50 GeV) was analyzed in detail. These one-loop Higgs
mass predictions are nally compared with simpler approximate formulae. Deviations are
within  2  10 GeV between the full one-loop calculation and approximation formulae.
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2 The Higgs sector of the MSSM
2.1 Tree level structure










































































































































































































































describe the unphysical Goldstone modes. The spectrum of physical states consists
of





1 neutral boson with CP = -1: A
0
("pseudoscalar")
2 charged bosons: H

.




















































Thus, the potential (2.2) contains two independent free parameters, which can conve-












(tan  + cot ) ; (2.5)
where M
A
is the mass of the A
0
boson.


















































)-system is derived from
















<   0 : (2.7)
Hence, masses and couplings are determined by only a single parameter more than in the
standard model.
The dependence on M
A









cos 2 < M
Z
: (2.8)
This simple scenario, however, is changed when radiative corrections are taken into ac-
count.
2.2 Renormalization of the MSSM Higgs sector
It is well known since quite some time that radiative corrections modify the tree level
relations (2.6, 2.7) substantially, with the main eect from loops involving the top quark
and its scalar partner
~
t [3, 6]. Various approaches have been applied:
(i) The eective potential method [6, 7] :
The tree level mass matrix M
0
of the neutral scalar system is diagonalized by
(2.3). Loop contributions to the quadratic part of the potential (neglecting the
q
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+ M =M :










(ii) The renormalization group method [5]
Solving the renormalization group equations for the parameters of a general 2-
doublet model and imposing the SUSY constraints at the scale  = M
SUSY
yields
the eective parameters of the Higgs potential at the electroweak scale. Large log
terms are resummed, but eects from realistic mass spectra are not covered by this
approximation.
(iii) Complete one-loop calculation [10, 12]:
A complete one-loop calculation to masses and couplings accommodates all SUSY
particles and mass parameters (or soft breaking parameters, respectively) in the
radiatively corrected version of (2.6, 2.7) and, in addition, provides the 3-point
functions required for Higgs boson production and decay processes. They are neces-
sary to check the quality of the approximations (i), (ii) and allow a detailed study of
the full parameter dependence of production cross sections and decay rates. Com-
plete one-loop calculations are available for:
- 2-point functions (mass relations) [10, 12]
- 3-point functions ZZh(H), ZAh(H), h(H), ... for production and
bosonic decay processes [11].
- 3-point functions Aff , h(H)ff for fermionic decay processes [12].
Other one-loop calculations with restrictions to the dominating fermion-sfermion
loops have been performed in [8].
Loop calculations in the Higgs sector require an extension of the renormalization procedure
applied in the minimal version of the standard model, e.g. the on-shell scheme [13].
At the one-loop level, the free parameters and the elds of the Lagrangian are replaced






















































































































The renormalization constants Z
i
are expanded by Z
i
! 1 + Z
i
. This transforms the
potential V into a renormalized potential V
ren










; :::) + V : (2.10)
V
ren
is formally identical to (2.2). Expressed in terms of the rotated elds (2.3) the























+ :::) ; (2.11)




























are linear combinations of the counter terms in (2.9).
The on-shell renormalization conditions can be formulated in terms of self energies,
tadpoles and counter terms. In the following the 't Hooft-Feynman gauge is used and only
the g

components of the vector boson propagators are considered. The vector boson self
energies 
;Z;W;Z
are the transversal components of the vector boson progagators 
V






















































The scalar boson self energies 
S

































The fermion self energies 
f


































































































In the following renormalized self energies are denoted by
^
. The vector boson self
energies, the A
0


























































































































































are dened in (2.28) through the fundamental














































































































The renormalization conditions for xing the counter terms consist of:




, the fermion masses m
f
and













) due to (2.4). The on-shell conditions






























) = 0 : (2.21)













































= 0 : (2.23)
The residue condition for f in (2.23) is considered for a xed isospin component. It
can not be set for the upper and lower component of a fermion doublet simultanously.



















determine the minimum of the one-loop potential.
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is determined in terms of the on-shell self energy of A
0
.
4) renormalization of tan :



























) = 0 : (2.27)
By this set of conditions, the extra input for the Higgs sector (besides the parameters





















































































































































































































. The photon and
Z
0





























































































































































The Higgs eld renormalization constants Z
H
i























































































































































































































































































































The complete set of gauge and Higgs counter terms is now xed by the self energies and









at the one-loop level in the next chapter.











































































































where the decomposition of 
f



























3 Physical neutral Higgs masses in the MSSM
Radiative corrections to the neutral scalar Higgs particles require the calculation of the




mixing. They are obtained by summing



































































































































































































































































































The propagator matrix of the scalar neutral Higgs particles is diagonal in lowest order
perturbation theory. Quantum eects give rise to mixing between the light and heavy




) propagator matrix in one loop order is a 2 2







































































are the renormalized self energies and mixing as indicated in (3.1).




































































































































































The physical one-loop masses of the scalar neutral Higgs particles are the real parts of the







































= 0 : (3.5)






in order to distinguish them







In the numerical analysis the Fermi constant G
F























where r is the full MSSM radiative correction to the 
 
decay amplitude [15].
In the following we discuss the eects from virtual supersymmetric particles in radia-
tive corrections to the physical light and heavy Higgs mass.
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4 Discussion




The complete numerical analysis of the physical neutral Higgs masses conrms that vir-
tual fermions and sfermions give the largest contributions to radiative corrections through
the Yukawa couplings. The top-stop loops give rise to the dominant term increasing with
the top quark mass  m
4
t




























































































number of colors. In this approximation, the solution of equation (3.5) is the following

















































As compared to the lowest order behaviour, the following striking changes occur:
- the upper limit for the light Higgs mass M
h
0










6= 0 for M
A
! 0 in general.
These features are already described by the approximate formulae (4.3). In the next
sections the complete one-loop calculation is compared with the approximation formulae
(4.3).
 Higgs mass dependence on M
A
, tan 





the input parameters M
A
, tan . The values for M
A
, tan  are varied in the range







 300 GeV :
For the top quark mass we take the value m
t
= 175 GeV in accordance with the exper-
imental indication m
t
= 174:1  17 GeV [1]. The SUSY soft breaking parameters are
chosen at  = 100 GeV, M = 400 GeV, m
sf
= 500 GeV. m
sf
denes the sfermion soft
breaking parameter, which is assumed to be equal for all squarks and sleptons (4.4). A
diagonal squark and slepton mass matrix is also assumed. The complete one-loop result
is displayed in Figs. 1a,b. The dierences with the approximation formulae (4.3), are












0.5 87.4 92.4 340.0 352.0
2 86.5 83.0 311.5 312.2
5 108.9 105.8 302.7 302.9
10 113.5 110.7 300.7 300.8
30 115.0 113.7 300.1 300.1









A nearly constant light Higgs mass plateau is obtained for xed tan  values and
pseudoscalar masses M
A
> 200 GeV (Fig. 1a). In the full one-loop result, lower tan 
values yield larger light Higgs masses M
h
(5 GeV for tan  = 0:5) compared to the
approximate result. The exact value can be smaller than the approximate result ( 1  3
GeV for tan  2).
 Higgs mass dependence on m
t
Figs. 1c,d illustrate the expected top quark dependence of the light and heavy Higgs
masses. SUSY soft breaking parameters and tan  values are taken from Figs. 1a,b and
a pseudoscalar mass M
A




is shown for a top quark mass in the experimental 2 top mass range between 150 GeV
< m
t
< 200 GeV. In case of the light Higgs this m
t
dependence change the Higgs mass
by 12 GeV from its mean value at m
t
= 175 GeV and M
A
= 200 GeV. The heavy Higgs
mass shows sizeable m
t
dependent eects only for low tan values. For tan  > 5 the
heavy Higgs mass deviates by 1 GeV within the 2 top mass range. The quality of the
14
approximation formulae at m
t
= 150 GeV compared to the full one-loop result is shown










0.5 77.1 78.4 240.8 243.6
2 72.6 68.4 216.4 216.7
5 98.4 95.2 204.3 204.5
10 104.3 101.3 201.2 201.3
30 106.2 104.1 200.1 200.2









The results for tan   2 in the full calculation are  2   4 GeV smaller than the
approximation of Eq. (4.3). A value tan = 0:5 yields a dierence of 1 GeV between the
full result and the approximation formulae.
 Higgs mass dependence on squarks and sleptons







































































, and . In the following discussion














. Up and down
type sfermions in (4.4) are distinguished by setting f=u,d and the fu; dg entries in the
parenthesis. The parameter  in the o-diagonal matrix elements in (4.4) is also present

























) ; i = 1; 2 ; (4.5)






































As a rst step, a diagonal mass matrix is obtained by setting:
A
f
+ fcot; tang = 0 : (4.7)
15
Together with the present experimental lower bounds on squark masses [16], Figs. 2a,b
show the light and heavy Higgs masses in the range 100 GeV < m
sf
< 1 TeV, for the
parameters of Figs. 1a,b and M
A
= 200 GeV. The result of Eq. (4.3) is listed in Tab. 3
for m
sf












= 200 GeV) (m
sf
= 200 GeV) (m
sf
= 200 GeV) (m
sf
= 200 GeV)
0.5 70.1 69.6 230.2 233.4
2 65.2 61.2 215.3 215.7
5 92.5 89.9 204.1 204.2
10 98.5 96.1 201.1 201.2
30 100.4 106.0 200.1 200.2
(m
sf
= 1 TeV) (m
sf
= 1 TeV) (m
sf
= 1 TeV) (m
sf
= 1 TeV)
0.5 94.1 96.6 281.0 287.4
2 96.1 92.5 221.3 221.3
5 119.3 115.6 205.7 205.7
10 125.1 121.4 201.6 201.7
30 127.1 123.6 200.2 200.3









A squark soft breaking parameter m
sf
= 200 GeV (1 TeV) yields a result in the
full one-loop calculation which is by 3-6 (3-4) GeV smaller than the formulae (4.3) with
tan   2.
A non-diagonal mass matrix (4.4) induces a mixing of the left and right sfermion




. As a consequence, the Higgs couplings




and modify the approximation formulae (4.3)
sizeably. The leading  m
4
t





















































































































for tan  = 30(2). A large tan  = 30 in Fig 2c shows a variation of the
light Higgs by 2 GeV for  in the range  250 GeV <  < 250 GeV. Small tan  = 2
values in Fig. 2d give strong deviations of the light Higgs mass with . Not all squark
and gaugino masses are experimentally allowed in Fig. 2c,d.
Table 4 presents the light Higgs mass in the approximation of Eq. (4.8) for the










(tan = 30) (tan  = 30) (tan  = 30) (tan  = 30)
(A = 0) (A = 0 GeV) (A = 300) (A = 300 GeV)
-250 98.7 97.7 109.5 106.9
-100 100.4 98.1 111.2 108.4
0 100.4 98.1 111.5 108.8
100 100.4 98.0 111.5 109.0
250 98.7 96.5 110.3 107.4
(tan  = 2) (tan  = 2) (tan = 2) (tan = 2)
(A = 0) (A = 0 GeV) (A = 300) (A = 300 GeV)
-250 68.8 66.2 68.6 66.2
-100 65.8 63.5 74.2 71.8
0 65.2 61.8 79.1 76.1
100 65.8 61.8 84.8 81.3
250 68.8 64.4 92.2 89.2
Table 4: Physical light Higgs mass in the approximation of Eq. (4.3) M
h; eff
and in the
full one-loop result M
h; 1 loop
.
The data from the approximation formulae are larger (smaller) by < 1-4 GeV than
the full result of Figs. 2c,d, depending in detail on the chosen parameters.
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Slepton masses and slepton mixing angles show numerically small eects in the neutral







< 500 GeV while keeping squark masses constant results in shifts of the light
and heavy Higgs mass by 0:3 GeV.
 Higgs mass dependence on gauginos
Gauge bosons and gauginos in the virtual states of self energies and tadpole diagrams
are described in the MSSM by the SUSY soft breaking parameters ,M ,M
0
and tan . In
the numerical analysis M
0
= 5=3 tan 
W
M . In Figs. 3a,b the light Higgs mass is plotted
for m
t
= 175 GeV, M
A
= 200 GeV, tan  = 2(30) and m
sf
= 500 GeV and a diagonal
sfermion mass matrix. The values for  and M are in agreement with the experimentally
lower gaugino mass bounds. The variation of the light Higgs mass dependence withM in





are xed in terms of Eq. (4.7). However, in Fig. 3b A
b
can reach its maximumvalue of
7:5 TeV and is substantially larger than all other SUSY soft breaking parameters. Both
plots show spikes as an eect of threshold eects of gauginos in the various self energies.
These eects can not be described by a perturbation expansion and have to be skipped
from the numerical analysis.
The full one-loop calculation of the neutral Higgs mass spectrum is in good agreement
with the simpler approximation formulae in most of the parameter space. The deviations
between the full one-loop calculation and the approximate result are within 2   10 GeV
in the considered parameter regions.
 Comparison with the complete on-shell renormalization scheme [10]
The full one-loop calculation of [10] makes use of dierent renormalization conditions.
[10] xes the counter terms v
i





















where the UV singularity  is given in (A.12). Instead of (4.9) the renormalization


















The numerical results of [10] for the neutral Higgs masses, however, are in agreement
within 0:4% with the one-loop calculation described in this article.
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A Self energies and Tadpoles
The Feynman rules of the minimal supersymmetric standard model are given in [2].
All analytical formulae are calculated in the 't Hooft-Feynman gauge. The one- and two-






are dened at the end of appendix A. The self energies









































































































































































































































































































































































































































































































































= 1=2 is the weak isospin and Q
f




















































































and neutralino matrix N
ij



















































































































































































































































































































































































































































































































































































































































































































































































































































































The fermion loop contributions of vector boson self energies are described by the following











































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































2   1; 3 cos
2




































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Explicit analytic expression are presented in [13]. In terms of B
0

















































































































   + log 4; " = 4 D ; (A.12)
and the mass scale  are the conventional UV parameters in dimensional regularization.
B Gaugino mass matrix


















with the SUSY soft breaking parameters  and M in the diagonal matrix elements. The
physical chargino mass states ~

i
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FIGURE CAPTIONS





for the input parameters M
A
and tan  = 0:5, 2, 5, 10, 30 in Figs. 1a,b with a top
quark mass m
t
= 175 GeV. Figs. 1c,d. show the light and heavy Higgs masses for 150
GeV < m
t
< 200 GeV and various choices for tan together with a xed pseudoscalar
mass M
A
= 200 GeV. A sfermion soft breaking parameter m
sf
= 500 GeV and  = 100
GeV is chosen and absence of left-right mixing is assumed in Figs. 1a,b,c,d. The gaugino
soft breaking parameter M = 400 GeV in all gures.





100 GeV < m
sf
< 1 TeV and various tan values in Figs. 2a,b.  = 100 GeV and no
left-right mixing. The eects of the left-right mixing is presented in Figs. 2c,d for the
light Higgs mass M
h




= 0, 100, 200, 300 GeV. In Fig.
2c(d) tan = 30 (2). M
A
= 200 GeV, m
t
= 175 GeV and M = 400 GeV.
Figure 3. Eects of the gaugino sector in the light Higgs mass M
h
in Figs. 3a(b) for
tan  = 2 (30). M
A
= 200 GeV, m
t
= 175 GeV, m
sf
= 500 GeV, no left-right mixing.
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